Exercise Sheet Solutions #3

Course Instructor: Ethan Ackelsberg
Teaching Assistant: Felipe Hernandez

P1. (Problem 3.3.)(Borel-Cantelli lemma) If (A, ),en is a family of measurable subsets of a prob-
ability space (X,B,p) and ) -y u(A,) < oo, then

u({x € X | z € A, for infinitely many n € N}) = 0.

Solution: Notice that what we want to prove is pu((\yeny Un>n Aj) = 0. As p is finite and
(Un2 N An)N is a nested sequence of sets, we have that by continuity of the measure and
subadditivity:

p(() U A= tim u(|J 4) < lim > u(4;) =0, (1)

N—)oo N—o0
NeNn>N n>N Jj>N

in where the last equality comes from the fact that ) u(4,) < oo.

P2. Let (X, F,u) be a measure space and f a measurable function. Prove the Markov-Chebyshev
inequality:

1 1
Va > 0, <= dy < = du,
a> o= a <o [ iflans [l
where we denote {|f| > a} ={z € X | |f(z)| > a}.

Solution: Observe that

| f(z 1 1
af) = [ 1 1ffsa ]l o d du < — du.
p({lf] > a}) / (f1>a} (T)d / (f1>a} (@)dp(x) = /{|f|>a |f| dp a/(;; 1

P3. Let (X, Fx,u) and (Y, Fy,v) be probability spaces, and let T : X — Y be a measurable function.
Define Tu(A) := u(T~1(A)) for each A € Fy. Prove that v = T if and only if for all integrable

function f:
/dez/:/xfonu. (3)

Solution: (<) For any set A € Fy, take f = 14 in eq. (7) to get v(A) = u(T-1A).
(=) Let f=>",c;cily, asimple function. Then

el el zEI 'LG] el
(4)
Hence, the statement is true for simple functions. Let f be a positive measurable function. Take
(fn)n a sequence of positive simple functions such that f,,  f asn — oo. Then f,0T /7 foT
as n — oo as well, so by monotone convergence theorem, we have that having for each n € N

/andy:/xfnonp, (5)

/fdy— hm fndy— hm fnon,u /Xfonu. (6)

implies that

/ foTdu = / ch]lA oTdu = ch/]lT 14,dp = cZ,u(T_lAZ-) /ZCZ]IA dv.



Consequently, we have the statement for positive functions. To conclude, notice that for every
measurable function f, we can write f = fi — f_ where fi and f_ are positive integrable
functions. Thus,

/deuz/Yf+dy—/yf_du:/Xf+on,u—/Yf_du:/Xf_on,u:/X(er—f_)on,u:/Xfonu,

(7)

concluding.

P4. (Problem 3.2.) Let (X, B, u) be a probability space. Let (Ay),y be a family of measurable
sets with a = infrenp (4,) > 0. We aim to show that there is a set £ C N such that d(E) :=
>

limsupN_mo‘Em{lj’\,%]v}| a, and for any finite set F© C E,F # (), one has u(ﬂneF An) >

0.

Solution: First of all, notice that we can assume without loss of generality that for every
F C N finite, we have that (,cp An # 0 if and only if u((,cp An) > 0. Indeed, we can replace

(An)nGN by (An)neN where )

FeF neF

where
F={FCN||F|<oo, () An #0,u([) An) =0}.

neFl neFr

Notice that |Jpcr(),ep An is countable union of finite intersection of measurable sets, so it is
measurable. Moreover, it has measure zero because the aforementioned sets have measure zero.
So, we have that for each n € N, A,, C A, is such that

N(An) = :U’(An)a

and the same applies for every finite intersection, which shows that we can replace A, by A,
Notice that by Fatou’s lemma

/hmsupZ]lA Ydu(z )>limsup/ ZILA —hmsup—z,u

N—o0 nel N—oo

Therefore, there is x € X such that

hmsup—Z]lA > a.

N—oo

Call E={n e N |z e A,}. Then notice that n € E if and only if 14, (z) = 1. Hence, we have
that

d(E )—hmsup—Z]lE —hmsup—Z]lA > a.

N—oo N—o0

In addition, for every finite subset F' C E, we have that Vn € F, x € Ay, and thus (), .p An # 0,
which implies that p ((),,cp 4n) > 0.




